Introduction
Let P denote a polynomial with real coefficients.
In this paper we dev ise an algorithm for dete rmining upper and lower bounds for the set {P(x) : 0 ,,;;; x ,,;;; l}.
Some Preliminary Observations
For a polynomial P with real coefficients, it is possible, given E> 0, to co mpute, by means of arithmetical operations whose number can be readily determined, upper and lower bounds for {P(x): ° , , ; ; ; x ,,;;; 1} which differ from th e corresponding sharp bounds by less than E. This is an imm ediate consequence of the si mple observation that, if P(x) == ao + alx + . .. + anxn(n ~ 1) is a polynomial with real coefficients, then, for each positive integer m,
,,;;; P(x) ";;; max {P(k/m): k= 1,2, . . . , m} 1 n + m~ ki aki(O";;;x,,;;;l), . equality iP'(x)i ,,;;; 2: kiaki(O,,;;; x ,,;;; 1).
This procedure has the disadvantage that an ex· tre mely large number of arithmetical operations may be required to obtain moderately good bounds. In this paper we consider an algorithm which sacrifices accuracy in order to gain tractability. 
where (k=O,l, . . . ,n).
(2)
The upper (lower) bound is sharp if and only if it is equal to bo or to bnPreliminary remark. It is obvious from (2) that the bounds given by (1) are always at least as good as n the crude bounds± ~ iaki. k =O PROOF: Th e following represe ntation (to be es tablished below, but essentially due to S. N. Bernstein I) holds: 
The sharpness of the lower bound can be treated in an analogous fashion. In order to establish (3), we observe that
This completes the proof of the theorem. Next, we seek a more efficient method than the dire c t use of formula (2) for computing bk(k = 0, 1, . . . , n). To this end, we note (footnote 3, p. 12) that, if P(x) == to br C) xr(l-x)lI -r(n ~ 1), then, as a simple calculation shows ,
Repeating this process, we obtain
Lorentz, G. C. , Be rn stein Polyno mi a ls, Un ive rsit y of Toro nto Press, Toronto, 1953. (k= 1,2, . . . , n).
(5) Equation (5) suggests a synthetic method for determining the Bernstein form of a polynomial P(x) == ao + alx +. . . + anx" (a r real, n ~ 1, an ¥= 0) without using (2) explicitly. One simply writes the numbers Ilkbo=ak./ (~) (k=O, 1, . . . , n) in their usual positions in a difference table (see table 1 ) and then completes the table to obtain bo, b" . , ., bn• In view of (4), the completed difference table also yields bounds for {P(k)(X):O:s;:x~ I} (k=l, 2, .. . ,n) . 
Conclusion
We conclude with some miscellaneous remarks. Formula (2) follows from (5) and the Newton interpolation formula.
One can obviously consider the "Bernstein form" coe ffi cie nts. It is clear that P maps [0 , 1] into th e co nv ex hull of the set {bo, bl, ... , VII}' In view of (5), it is easy to state simple sufficient conditions for a polynomial P(x) '= ao + IlIX + ...
(n) . . (Paper 70Bl -168)
